Spectrum sensing is recognized as one of the key technologies to implement cognitive radio. This paper uses the wavelet transform over wideband to find the spectrum holes at low signal-to-noise situation. Under wavelet theory, spectrum sensing is seen as a singularity detection problem which to detect the singularities of the received signal's power spectrum density(PSD).According to the different transmission characteristic of noise and PSD's singularities in wavelet transform, modulus maxima and Lipschitz exponent are used to remove the singularities generated by the noise.Dividing the spectrum into several subbands according to the remaining singularities and using the band pass filter to estimate the PSD level of each subband. Simulation results show that the proposed method is correct and validated under low SNR condition.
INTRODUCTION
Spectrum sensing is the premise and key technology for detecting spectrum holes in cognitive radio (Yucekand Arslan, 2009; Akyildiz and Lee, 2006) . In cognitive radio, spectrum sensing includes two aspects: First, the secondary users (SUs) using technology to detect whether the primary users (PUs) existing or not, then SUs can use the spectrum hole to communication. This requires the sensing technology has good reliability. Second, in order to vacate the channel as soon as quickly when PU returns to the channel, SU should sense the channel periodicity. So the speed of the sensing technology should quickly.
In general, spectrum sensing techniques mainly include three types: cyclostationary feature detection, matched filter detection and energy detection. Cyclostationary feature detection (Khan and Mustaqim, 2016; Shen and Alsusa, 2013) need to know the cyclic frequencies of the PUs, which may not be available to the SUs in practice. Also, this kind of method has a high computational complexity. Matched filter detection (Assra and Yang, 2015; Sun and Li, 2014 ) requires a priori knowledge of the primary user, e.g. modulation type, pulse shaping, and synchronization of timing and carrier. Moreover, for the matched filter detection, SUs will need a dedicated receiver for every primary user, which makes it difficult for practical implementation. Energy detection (Furtado and Irio, 2016; Li and Sun,2015) has been widely used because it involves simple algorithms and does not require transcendental knowledge of the PUs' signals. Especially, the energy detection methods based on wavelet transform (Tian and Giannakis, 2009; Hur and Park, 2010) can sense spectrum holes over widebandin a fast and effective way. (Tian and Giannakis, 2009 ) proposed a method that uses the wavelet transform modulus maxima and multiscale wavelet products to analyze the received signals' power spectrum density (PSD). It identified singularities of the PSD, divided the PSD into several subbands, calculated the average PSD value of each subband, and then determined which subbands were occupied by the PUs. In (Hur and Park, 2010) , a dual-stage technique was used for a coarse-and-fine spectrum sensing. The coarse sensing technique adopted the wavelet transform to provide multi-resolution sensing over a wide frequency range. A temporal signature detection (TSD) was employed as a fine sensing technique. The TSD process was performed in the time domain to detect whether specific type of signals existed or not in the received signals. There are other related works on waveletbased sensing. The discrete wavelet packet transform (DWPT) for spectrum estimation was proposed and investigated. In (Ariananda and Lakshmanan, 2009) ,DWPT was used to analyze the signals with sharp features, such as single or multi tone signals. (Kim and Yoon, 2008) proposed a modified DWPT-based energy detector by using half-band ellipticIIR filters with double threshold.
All of the methods based on wavelet transform above only consider spectrum sensing under high SNR condition. However, when the SNR of the received signals is low, those methods cannot accurately find the singularities of the signals' PSD. In order to solve this problem, the noise must be removed from the received signals. In this paper, we use wavelet to process the spectrum as follows: denoising the spectrum in using modulus maxima and Lipschitz exponent, finding the locations of spectral singularities, dividing the spectrum into several subbands according to the singularities, estimating the PSD value of each subband and determining the spectrum holes.
The rest of this paper is organized as follows. In Section 2, the signal model is briefly discussed. In Section 3, the wavelet theories are introduced. In Section 4, a sensing structure based on wavelet theory for spectrum sensing is proposed. Simulation results and analysis are given in Section 5. Finally, conclusions are drawn in Section 6. 
SYSTEM MODEL
Sf is the PSD of the noise and ()
Sf is the PSD of thei-th PU. Each
Sf occupies afrequency range
, with frequency boundaries located at f i-1, f i , and the f i-1, f i are the singularities of the PSD. B i is thebandwidth of x i (t), and it is also a subband of the whole spectrum. Suppose the frequency ranges of PUs are non-overlapping and PSD in each subband is smooth and nearly flat. Then the total PSDS f consists of N spectrum subbands.
THE THEORY OF WAVELET TRANSFORM

Continuous Wavelet Transform
Suppose f(t)is the signal to be analyzed, () t  is the wavelet function, the continuous wavelet transform (CWT) of f(t) with scaling factors and translating factor u is given by (Mallat andHwang,1992) * , 1 ( , ) , 
Based on the definition of CWT and the nature of convolution, the wavelet transform can be rewritten as a convolution operation:
Lipschitz exponent
Definition 1:
(1) A function f(t) is said to be Lipschitza  0 at a point v, if there exists
(2) The Lipschitz regularity(Lipschitz exponent)of f(t) at v is the supremum of the a such that f(t) is Lipschitza. Suppose that for s<s 0 , f(t) is defined over (a,b) , if all the modulus maxima that converge to v are included in the cone of influence of v |u-v|  Cs(6) Also assume that f(t) is bounded and the wavelet function has n vanishing moments. For an a<n and a is not an integer, f(t) is uniformly Lipschitz a in the neighborhood of vif and only if there exist A>0 such that each modulus maximum (u,s) in the cone (8) 
. Based on the definition of CWT and the nature of convolution, the wavelet transform can be rewritten as a convolution operation:
So the modulus maxima of the wavelet transform|Wf(u,s)| are the maxima ofthe first-order derivative of f(t) smoothed by s  ,and they are actually the singularities in f(t). Hence the wavelet transform modulus maxima can be used for the detection of singularity. Singularities are detected by finding the abscissa where the waveletmodulus maxima converge at fine scales.In other words,a maxima line determines a singularity in the smallest scale.
WAVELET-BASED SPECTRUM SENSING
Based on the Wavelet principles described above, the procedure of spectrum sensing is summarized as follows:
Step 1. Perform continuous wavelet transform of the PSD with noise. From the theory analysis above we can get that the singularity's Lipschitz exponent is always a<1 , so we can use thestandardDB4wavelet as the wavelet function to carry on the wavelet transform.The scaling factor is also very important in wavelet transform. If the scaling factor is too small, the wavelet cannot remove noise effectively. But if the scaling factor is too large, the detectedlocation of the singular may have a large deviation compared to the actual location. In order to avoid these conditions, we choose scaling factor from 1 to 32.
Step 2. Search the modulus maxima of wavelet transform in each scale. Determine the cross-scale maxima lines and singularities. In small wavelet scales, most of the modulus maxima are generated by noise. In large scales, the effect of noise is reduced, but the locations and numbers of the modulus maxima are inaccurate. So we connect crossscale modulus maxima lines from the scale 1 to scale 32.A maxima line determines a singularity in the smallest scale.
Step 3. Use modulus maxima to remove the maxima lines generated by the noise. When the SNR falls down, the signals' PSD is overwhelmed by noise, there are many singularities generated by noise.So the wavelet transformmodulus maxima may arise not only due to the edges of the spectral, but also due to the noise.As a result, many incorrect singularities are retained for spectrum division. Thus the sensing result is not accurately any more. So, the Lipschitz exponentand maxima lineare needed to remove the noise-induced singularities.
If the Lipschitz exponent of a singularity isa<0, the singularity is generated by noise. From (7) we know, the values of the modulus maxima on the maxima linewhich determines this singularity decreasewhen the scale increases. On the opposite side, if the Lipschitz exponent 0 a  , the modulus maxima increase or remain constant as the scale increases.Use this property, the singularities generated by noise can be removed.
We set a count value and a threshold for each maxima line. The count value is used to count the number of modulus maxima which increase as the scale increases on a maxima line. On a maxima line, if the count value is greater than the threshold, it means that most of the modulus maxima in this line increase as the scale increases. So we can initially determine that this line is generated by signal singularity. Otherwise we remove this maxima line caused by noise.
Step 4. Use Lipschitz exponentto remove the singularities generated by the noise. From the Lipschitz exponent theory (Mallat andHwang,1992) , we can draw a conclution: everywhere. Through the above analysis we can use the Lipschitz exponent to characterize the types of singularities and remove singularities generated by noise.
After denoising with modulus maxima method, wecalculate theLipschitz exponents of the singularities determined by the remaining maxima lines. If more than a curve converges to a singularity, select the minimum value a to represent the Lipschitz exponent of this singularity. If Lipschitz exponent of a singularity is a>0, we know that the singularity is generated by the signal, otherwise we remove it since it indicates a noise location.
Step 5. Divide frequency into several subbands based on the remaining singularities and estimate the average PSD value of each subband. The frequency locations of the subband with the minimum PSD value are the desired result.
SIMULATION AND ANALYSIS
Consider a wideband of [0,1000] Hz
 ,There are a total of N=9 subbands with 8 frequency singularities located at [150, 250, 350, 450, 550, 650, 750, 850 ] Hz  . From Figure 2 and Figure 3 ,we can find that under high SNR condition, thecontinuouswavelet transform can find the frequency singularitiesaccuratly, so spectrum sensing can effectively identify and locate spectrum holes. When the SNR falls down, the signals' PSD is overwhelmed by noise. In other words, there are many singularities generated by noise. So the modulus maxima line and Lipschitz exponentare needed to remove the singularities generated by the noise.
For the signal in Figure 1 (b), we connect cross-scale modulus maxima lines from the scale 1 to scale 32according to the modulus maxima on each scale. Remove the maxima lines which cannot stretch to scale 1. The remaining curves are shown in Figure 4 . Each maxima line determines a singularity in the smallest scale. The singularities are generated by noise and signal. Set a count value and a threshold for each maxima line. The count value is used to count the number of modulus maxima which increase as the scale increases on a maxima line. The threshold is equal to one-third of the total number of modulus maxima on a maxima line. On a maxima line, if the count value is greater than the threshold, it means that most of the modulus maxima in this line increase as the scale increases. So we can initially determine that this line is generated by signal singularity. Otherwise we remove this maxima line. Figure. 5 depicts the denoising result by using the changing situation of modulus maxima following the scales. From figure 5 we can find that the most of maxima line caused by noise can be removed, but there still existsome noise, so the Lipschitz exponentis needed for further denoise.Then calculate the Lipschitz exponents of the singularities determined by the remaining maxima lines. If more than a curve converges to a singularity, select the minimum value a to represent the Lipschitz exponent of this singularity. If Lipschitz exponent of a singularity is in the range (-0.5, 1), we know that the singularity is generated by the signal, otherwise we remove it since it indicates a noise location. The result show as in Figure 6 . After this step, the remainingsingularities could be seen as caused by signal. According to these singularities, the whole spectrum can be divided into 9 subbands and estimate the average PSD value of each subband. We select 1 Hz  as the passband width of the bandpass filter to calculate the PSD value of each subband. The bandpass filter uses kaiserord window function. The passband ripple is 0.05dB, and the stopband ripple is 0.01dB. The distance of startfrequency between stopband and passband is 0.5 Hz  . We have the same distance for the end frequency. The result is shown in Table 1 . The subband withsmallerPSD value will be considered as spectrum holes. figure 1(a) , we can see that our detectingresult is correct.
6.CONCLUSIONS
In this paper, the wavelet transform is used to detect the singularities of the received signal's PSD under low SNR situation. First, propagation characteristics of the wavelet transform modulus maxima of signal is contrary to the noise on different scales, the noise can be eliminated from the signal. Second,the Lipschitz exponent is calculated from the decay of the wavelet transform modulus maxima, then can remove the noise which have different Lipschitz exponent from the singularities. Finally dividing the frequency band into several subbands according to the singularities and using the bandpass filter to estimate the PSD level of each subband.Then the spectrum holes are defined ultimately. Simulation results show that the proposed method is correct and validated.
